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Abstract. This paper is devoted to the Q-curvature type equation with sin- 
gularities; mainly we give existence and regularity results of solutions. To have 
positive solutions which will be meaningfully in conformal geometry we restrict 
ourself to special manifolds. 



1. Introduction 

In 1983, Paneitz |16j introduced a conformal fourth order operator denned on 
4-dimensional Riemannian manifolds by 

'2 

— J 

3 



P s 4 (u) = A 2 g u - div g -R g g - 2Ric g ) du 



where A g u — —div g (V g u) is the Laplacian of u with respect to <?, R g is the scalar 
curvature with respect to g and, Ric g is the Ricci curvature of g . 

Branson [6] generalized the notion to manifolds of dimension n > 5 by letting 



P" (u) = A 2 g u - div g ( ( " %±^— R g9 - ^-Ric g ) du-' " 4 ' 



where 



2(n-l)(n-2) aa n-2 9 2 
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Both operators P g and P™ are conformal operators that means that: for all u £ 



34 
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C*°° (M), P^(ipu) = er^P^lu) where g = e 2v g, while P™ (yu) = tp^P? (u) where 

g = tp~^4 g and n > 5, ip € C°°(M). P* is the analogous of A ff in dimension 2 
while P™ is the analogous of the conformal Laplacian L g u = A g u + 4 ^~ 2 ^ R g u. 

Fourth order equations of Sobolev growth have been the subject of intensive 
investigation the last tree decades because of theirs applications to conformal ge- 
ometry, in particular to Paneitz-Branson operators; we refer the reader to [2], [3], 
@], [I], [Z], [333, P3]' UMi and [H] . These equations are also interesting 

because of theirs analogues in the second order which give applications to the con- 
formal Laplacian. Recently Madani |17j , has considered the Yamabe problem with 
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singularities which he solved under some geometric conditions. In this work we deal 
with the Q-curvature type equation with singularities which is of the form 

(1.1) A 2 u - V 4 (o(as)Vi«) + b(x)u = f \u\ N ~ 2 u 

where the function a(x) and b(x) have singularities of order 27 and 4a respectively, 
with 7, a G (0, 1) and N — is the Sobolev critical exponent of the embedding 
H 2 (M) L N (M). Mainly we give an existence result of solutions. Because of 
the lack of a maximum principle for fourth order elliptic equations, finding positive 
solutions is a hard question in the general case so to have positive solutions which 
will be meaningfully in conformal geometry we restrict ourself to special manifolds. 
Our results state as follows 

Theorem 1. Let (M,g) be a compact n- dimensional Riemannian manifold, n > 6, 
a G L S (M), b G L P (M), with s>f,p>f,/G C°°(M) a positive function and 
P G M such that /(P) = max x gM f( x )- 
We suppose for n > 6 



4 - n A/(P) 
gK ' 2n(n - 2){n 2 - 2n - 4) f(P) 

and for n = 6. 

R g (P) > 0. 

Then the equation {TIP has a solution of class C 3 ~( » ~ E( /3 € ]0,1 - (f - [ 
where E (£) denotes the entire part of 

For P G M, we define the function p on M by 



(1-2) P{Q) 



d(P, Q) if d(P, Q) < 5{M) 
5{M) if d(P, Q) > 8{M) 



where 8{M) denotes the injectivity radius of M . 

For real numbers 7 and a, consider the equation 



(1.3) A 2 u V^yV.u) + 9j£ = f \ u \»~* u 

and let A = jit G H 2 (M) : / M / du g = l}. 
As Corollary of Theorem [TJ we have 

Corollary 1. Let 7 G (0, 2), a G (0,4), if we suppose 
for n > 6 



« 2 -2n-4 4-n A/(P) 

s( ] + 2n(n-l) ° ( } + 2n(n-2)(n 2 -2n-4) /(P) > 

and for n = 6, 

P S (P) > -3a (P). 

T/ten tfie equation iTOj) ftos a solution of class C* 3 ~( « ~ B( " ) )" 8 , /3 G ]0, 1 - - #(£)) [. 
In the sharp case 7 = 2, a = 4, let 7,0 as in section 4, we get 
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Theorem 2. Suppose that l+Q g (P)K(n, 2, -4) 2 > and Q 2 ,i{M){K{n, 2) 2 ||/|| ~ < 
1 + Qg{P)K{n, 2, — 4) 2 , then the equation 

A*u-V^V,u) + ^=f\u\ N - 2 u 
P 2 P 4 

has a non trivial solution. 

When [M, h) is a compact flat manifold, let g — Ah where A — e~ p2 P and 
a G (1, 2) and p is given by (|1.2p . we give a geometric interpretation of ours results 

Theorem 3. Suppose that the manifold (M, h) is a compact fiat of dimension n 6 
and consider the coformal metric g = Ah, where A = e~ p , a G (1,2) and p 
sufficient small. Let f be a C°° positive function on M and P 6 M such that 
f(P) = max ieM /Or). 
We suppose for n > 6 

4-n A/(P) 

r (p) j i_i i > n 

9( ' 2n(n-2)(n 2 -2n-4) /(P) 
</ien t/iere exists a metric g conformal to g and of class C 

-(|-- B (f))^ j p e (o, l) 

where p is as in Theorem^ such that f is the Q-curvature of the manifold (Af, g). 

Our paper is organized as follows: in the first section, we give an Hardy in- 
equality on compact manifolds, in the second one we establish the regularity of the 
Paneitz-Branson operator which leads us to construct the Green function to the 
Schrodinger biharmonic operator this latter allows us to obtain a priori estimates 
to a solution of some biharmonic equation. The third section is devoted to the study 
of the Q-curvature equation with singularities of order < 7 < 2 and < a < 4. 
In the fourth section we consider the sharp singularities i.e. 7 = 2 and a = 4. In 
the last section, we give an interpretation in conformal geometry. 

2. Hardy inequality on compact manifolds 

Let (M, g) be a compact n-dimensional Riemannian manifold. We consider the 
space L P (M, p 7 ) , 1 < p < 00, of measurable functions u on M such that 



(2.1) ll<p-r= / p"\u\ V dv g <+^ 

JM 

where p is the function defined above and 7 G R. 

The space L P (M, p 7 ), endowed with the norm „ 7 , is a Banach space and 
we have 

Lemma 1. ( Hardy inequality ) 

For any function u G C^°(R n ), there exists a constant C > such that 

(2.2) 

where p, q and 7 real numbers such that 

nq 7 / 1 1 \ n 

1 < q < P < — , n>lq, - =f3-l + n\ > — . 

n-lq p \q pj p 



1 1- 

\x\ p u 


< c 


\xfVu 




p 
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The optimal constant in l2.2l will be denoted by K(n, Z, 7, (3) and K (n, 1, 7) when 
/3 = 0. 

Prom the above lemma, we obtain 

Lemma 2. Let (M,g) be a compact n- dimensional Riemannian manifold, n > 5, 
and p 7 q and 7 reaZ numbers satisfying 



i<q<p< 



nq 



7 



n > 2q, - = -2 + n > 0. 

q v! 



n — 2q p 
For any e > 0, there is a constant A(e, g, 7) such that 



1 1 



V/ 6 HUM), ||/||^ < (1 + e) K"(n, 2, 7) || V 2 /||; + A(s, q, 7) ||/||» . 

Proof. Let {Bi} 1<i<m be a finite covering of M by geodesic balls of small 
radius 8 > 0, {(Bi,ip i )} i , where Lp i = exp~ , is an associated atlas and (r] i ) 1<i<m 
is a partition of unity subordinated to the covering {Bi} 1<i<m . 

Let /6C»(M) 

m m g 



11 jj,p-> 



!I/HI, , 



i=l 



< 



E 

i=l 



The function / = (a^/) otp~ x may be considered as a function defined on i? n by 
extending it by outside the support, so applying inequality ()2.2|) . with j3 — and 
Z = 2 to /, we get 



(2.3) 



I H7 




p \ 

dx 1 









da; <if(n,2,7) 



V 2 / 



Now, we have to express the derivatives of the function / in terms of the Puclidean 
derivatives. If the coordinate system is normal at a point P € M, the expansion of 
the metric tensor at P writes as Q 

9ii (Q) = *u + o ( P 2 ) 

where p = d(P,Q) < 8(M), and the expansions of the Christoffel symbols are of 
the form 



tUQ) = o( p ). 



Now since 



13 1 

)2- 



we obtain that 

9 lk (Q) 9 31 (Q) Vy/(Q) VkJ(Q) < [ 1 + O {8 2 ) V%f(Q) 



V 2 E f(Q) V E f(Q)0(S)+V E f(Q) 0{8 2 ) 



To estimate the rectangular term, we use the inequality 

b 2 



ab < r\a 



At] 



valid for any positive real numbers a, b, r\ and get for any e > 0, there is a constant 
C(e) such that 
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(2.4) 



V 2 /(Q) <(l + e)V|/(Q) +C(e) V E f(Q) 



and similarly, we obtain 

(2.5) | V 2 E f(Q)\ 2 <(l + e) |v 2 / (Q)| 2 + C(e) |v/(Q) 

Since M is compact there exist constants A, [i with 

< A < \f\g\ < /i. 

Consequently 



A I 



where |x| = d(P, Q) < 5(AI) denotes the injectivity radius and Q = exp P x. So by 
the inequality (|2.3j) we write 



h<nK{n,2,~tY 



Taking account of the inequality (I2.5[) and of the following inequality, let a, 6, s > 1 
be positive real numbers, for any E\ > , there is a constant C (ei, s) such that 



(2.6) 

we obtain 



{a + b) s < (1+eiK + C{e 1 ,s)b 

if </jk(n,2, T f 
< ^i\- 1 )K(n,2, 7 )' 1 |(l + e ) 







9 A 






da; 1 









v 2 / 



+ C(e,cy,7) 



V/ 



Now since / = a ? /, there exits a constant c > such that 



V/ 



<c|/| + < |V/| 



and 



V 2 / 



<c(|/| + |V/|) + a* |V 2 /| 



From the interpolation formula ( see [1] page 93 ), for any rj > 0, there is a constant 
C(rj) such that 



||v/||«< v ||v 2 /||^ + ^) \\f\\l 



(2.7) 

applying the inequality (I2.6|) and letting the injectivity radius small enough so that 
A and /x are close to 1, we get, for any e > there is a constant A(e, q, 7) 



\\f\\l, p , <(l + e)K (n, 2, 7) 9 || V 2 /||* + A(e, q, 7) \\f\\ q q 



□ 



As a corollary of Lemma [5J we have the following Sobolev inequality 
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Lemma 3. Let (M,g) be a compact n- dimensional Riemannian manifold, n > 5, 
and p, 7 real numbers satisfying 

2n 7 „ /ll 

2 <p < - ■ 



n. — 4 p \ 2 p 

.For any e > 0, there is a constant A(e, q, 7) suc/i £/ia£ 

V/ e ff 2 (M), < (1 + e) K(n, 2, 7 ) 2 \\Aff 2 + A(e, 7) ||/||* . 

In fact, it is known on compact manifold (see pQ page 115) that there is a 
constant c > such that 

iiv 2 /ii;<i!A/i^+ C |iv/^ 

and our formula follows from the interpolation formula (|2.7p . 
Now we derive a Kondrakov type result 

Lemma 4. Let (Af, g) be a compact n- dimensional Riemannian manifold and p, 
q, 7 < real numbers such that 

nq 

l<q<P< V 

n — Iq 

Lf = —2 + n — , the inclusion LL\ (Af) C L p (Af, p 7 ) is continuous. 
//a >_2 + n (i-i) ) ifte inclusion h\\ (Af) C L p (Af, p 7 ) is compact. 

Proof. The hrst part of Lemma[3]is a consequence of LemmaH To prove the 
second part of Lemma [4j we consider the following inclusions fff (A/) C L r (Af ) C 
L p (Af, p 7 ) and we have to show that the first inclusion is compact and the second 
one is continuous. By the Kondrakov's theorem we must have 

(2.8) ->---. 

r q n 

The Holder inequality allows us to write 

(2.9) / pi\u\ p dv g <( [ \u\ r dv g ) r (f p^'dvY 

JM \JM J \JM J 

with r' = and r > p. 

The second integral in the right-hand side of (|2.9[) will be convergent if 

, jr . 1 7 + n 

jr = > — n i.e. - < 

n — p r np 



so by (|2.9p we must have 



i.e. 



1 2 7 + n 
< 

q 11 np 



7 „ ( l 1 

' > -2 + n ( 

q p 



□ 



Now, we quote the following Lemma due to Djadli-Hebey-Ledoux |10j and 
improved by Hebey |12j which will be used in the sequel of this paper. 



ON THE SINGULAR Q-CURVATURE TYPE EQUATION 



7 



Lemma 5. Let M be a Riemannian compact manifold with dimension n > 5. 
For any e > there is a constant Ai(e) such that for any u G H2, \\u\\ 2 N < 
(1 + e)K 2 ||Ait|| 2 + Ai{e) ||it|| 2 > where K% is the best Sobolev constant. 

3. Regularity of the Paneitz-Branson operator 

The Green function of the Laplacian operator G : M X M — » R, (P, Q) — >• 
G(P, Q) is defined as the solution in the distribution sense to the equation 

(3.1) AG(P,.) = S P - ' 



V(M) 

where V(M) is the Riemannian volume of M. So for any tp G C°°(M), we have 
(3.2) A<p(P)= f G(P,Q)A 2 <p(Q)dv g (Q). 

J M 

Multiplying (|3.2[) by G(Q, .) and integrating over M, we get 
(3-3) 

<p{P)= f [ G(P,Q)G(Q,R)A 2 <p(R)dv g (Q)dv g (R) + -l— f V {Q)dv g {Q) 
Jm Jm V \ lvl ) J M 

and letting 

G 2 (P,Q)= f G(P,R)G(R,Q)dv g (R) 
Jm 

(13. 3[) becomes 

(3.4) v(P)=/ G 2 (P,Q)A 2 <p(Q)dv g (Q) + — ^— / <p(R)dv g (R). 



According to Giraud's lemma 

|G 2 (P,g)| < Cd(P,g) 4 -" ifn>4. 

Hence G2 is the green function of the bi-harmonic operator. 
Suppose now that b £ L p (M). 

We put r o (P, Q) = G%{P, Q) and define recursively for j ^ 1, 

r j (P,g) = - / T j _ 1 (P,R)b(R)T (R,Q)dv g (R) 
Jm 

Tj is well defined and by Giraud's lemma [14] 

|r,(PQ)|<<^ 0^16^(1 + |io g d(p,Q)|) if( J + i)^- = | 
I if (j + i)^>f 

For Q G M, we consider a function uq G C 4 (A/) , 7 G (0, l)which will be determi- 
nated later and define, for m > j 

m 

h(q, .) = r (Q,.) + £ r j(0» •) + ««• 
3=1 

Since p > J, we have 

lirMQ,.)^ < Cj ||6||^||d(p,Q)« +1 )( 4 -") + ^( 1 -5)|| i < +00 
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hence H(Q, .) <= C 4 (M - {Q}) n L 1 (M). 

.) will be a Green function to P(u) = A 2 u - V M (aV^u) + feu on M if for 
every ip £ C 4 (M), H(Q, .) solves the equation 

<p (Q) - J H(Q, R)P {ip) (R)dv g {R) + j <p (R) dv g (R) 

H{Q,R)A 2 <p(R)dv g (R)- [ H(Q,R)(W{aV^))(R)dv g (R)+ 
H(Q, R)b(R)ip(R)dv g (R) + — ?— f <p (R) dv g (R) 



A 2 R H(Q,R).ip(R)dv g {R)- [ (V' 1 (aV^H(Q,R)))(R).^{R)dv g (R) 

(3.5) + J H{Q, R)b(R)<p(R)dv g (R) + J <p (R) dv g (R) . 

The first integral of (|3.5|) reads 

/ A 2 R H(Q,R).<p(R)dv g (R) = f A 2 R T {Q,R)^(R)dv g (R) 
Jm Jm 

+ V / A R T j {Q,R).y{R)dv g {R) + A R u Q {R). V {R)dv g (R) 
j=i J m 

(3.6) = ip(Q) - y (R) dv g (R) - J2 j M bWT^iQ, R)<p (R) dv g (R) 



M 



A 2 u Q {R) V (R) dv g (R)+y^ j M <fi(R)dv g (R) J m r i-i (Oi S) b(S)dv g (S) 



and plugging p.6[) in (|3.5p . we obtain 

H(Q, R)P(<p)(R)dv g (R) = <p(Q) - — \- [ V (R) dv g (R) 
m v \ m ) Jm 



i{R)r m (Q,R)(p(R)dv g (R)+ [ (A 2 R u Q (R) - (V (oV „u Q )) {R) + bu Q (R)) if (R) dv g (R) 

Jm 

771 r. 

"E / (^(aV^i(Q,R)))(R)-<P(R)dv g (R). 

3=0 JM 

So solving the equation ( 13.51 ) is equivalent to solve the following equation 
(3.7) 

m 

A^Q(fl)-(V p («V M « Q )) (R)+bu Q (R) = a(R)T m (Q,R)+J2 (V (aV^Q, .))) (R) . 

j=o 

Consider the functional Tq defined on H2 (M) by 

T Q (u) = ^a(R)T m (Q, R)u (R) - a ( R ) VkI^Q, R)^u (R)j dv g 
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It obvious that the functional Tq is continuous on the Hilbert space if 2 (M), so 
since the operator u — > J M uP (u) dv g is coercive it follows by Lax-Milgram theorem 
that there is a unique uq g H2 such that for any if G H% 

I (fP (u Q ) dv g = Tq ((fi) 
JM 

that is to say uq is a weak solution of the equation (|3.7|) and by classical regularity 
arguments, we get that uq G C 4,7 (M) where 7 G (0, 1). 
Next let U C M be an open set. 

Lemma 6. Let h G Lj oc (U), £ G C%°(U). If u G H% loc (U) is a wea ^ solution of 
the equation A 2 u — V 1 (aVju) + bu = h, then 

($u)(Q)= f H(Q,R)P(u)(R)£(R)dv g (R) 

JM 

+ [ H(Q, R)u(R) { A 2 £ (R) - (aV„£) (i?) } cfo s (f?) 

JM 

+2 [ u (AH(Q, R) AC OR) + ff(Q, f?) A 2 £ (J?) - 2 (Vff (Q, i?) , VA£ (f?)} (Q)) d« s (R) 

JM 

+2 / u (-R) ((V-ff (Q, f?), V (A£) + A (V£)) + H(Q, R) (VA (V„0 - A 2 £)) (R) 

JM 

-2 / (AH (Q, R) A£ (i?) + 2 (V 2 £ (i?) , V 2 tf (Q, i?)) + 2 (Vtf (Q, R), A (V£ (#)))) 

JM 

+ / u{R)(V({R),V(AH{Q,R)) + A{VH(R,Q))dv g {R) 

JM 

+ VW)L {CuHQ)dvAQ) - 

PROOF. Let (u n ) C C^°(U) such that u n ->• u in H% loc (U). We extend the 
functions £, u„ by outside [7 to have a functions defined on all M and by applying 
the formula (|3.1[) . we get 

(3.8) (£0(Q)=/ H(Q,R)P(Zu n )(R)dv g (R) + -}— [ (£u n ) (Q)dv g (Q) . 

JM V \1V1) J M 

Now we compute 

P(£u„) = A 2 (£un) ~ V^ 1 (aV M £u„) + b£u n 
= £A 2 (u n ) + u n A 2 (£) + 2Au„A£ - 2 (AVun, V£) - 2 (Vtx„, AV£) 
+2 (V 2 u„, V 2 £) - 2 (Vu„, VAO - 2 (V£, VAw„) 
-£V M (aV M u„) - u n V^ (aV M - 2a (Vu n , V£) + 6£u„. 

Consequently 

(f«»)(Q)= / aR)H(Q,R)P(u n ){R)dv g (R) 

JM 

+ / £T(Q, R)u n (R) { A 2 £ (P) - V^ 1 (aV M £) (-R)} cfo g (P) 
+ / 2JT(Q, R) (A£Au n - (V (A£) + A (V£) , Vu„» d^(fl) 
- / 2# (Q, R) (V£, V (Au„) + A (Vu»)> (Q) ^ 9 (Q) 
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- / 2H(Q, R) (a (R) (Vu n , V£) + 2 (V 2 u n , V 2 0) dv g (R) 

JM 

+ y^f ) J M ^u n ){Q)dv g (Q). 

Also we have 

/ 2H(Q, R) (A(.Au n - (V (A£) + A (V£) , Vu n )) dv g (R) = 

JM 

2 [ u n (AH(Q, R)A( (R) + H(Q, R)A 2 £ (R) - 2 (\7H (Q, R) , V (A£)» dw fl (fl) 
+2 / «ViT(Q, R),V (AC) + A (V0> + H(Q, R) (V^A (V„£) - A 2 £)) (R) 

JM 

SO 

/ 2H{Q, R) (V£, V (Au n ) + A (Vu n )) dv g (Q) dv g (Q) = 

JM 

= 2 f u n (R) (AH (Q, R) A£ (R) + 2 (V 2 £ (R) , V 2 tf (Q, R))) dv g 

JM 

-4/ u n (R)(VH(Q,R),A(V^(R)))dv g 

JM 

- [ u n (R) (V£ (R) , V (AH (Q, i?)) + A (Vtf(iZ, Q)> <fo g (iZ) 

JM 

Consequently 

(£«n)(Q) = / («n) d« fl 

JM 

+ f H(Q,R)u n (R){A 2 a.R)-V»(aV^)(R)}dv g (R) 

JM 

+2 f u n (AH(Q, R)A( (R) + H(Q, i?)A 2 £ (R) - 2 (VH (Q, R) , V (A£)> (Q)) (i?) 

JM 

+2 / «Vtf (Q, i?), V (AC) + A (V0> + H(Q, R) (VA (V„£) - A 2 £)) (iZ) 

JM 

-2 / u n (iZ) (Aff (Q, i?) AC (i?) + 2 (V 2 C (iZ) , V 2 ff (Q, iZ)) + 2 (WH(Q, R), A (V£ (i?))}) 
(3.9) + / w„ (i?) (V£ (iZ) , V (AH (Q, R)) + A (VH(R, Q)> cfo 3 (i?) 

JM 

Now 

/ \£(R)P(H(Q,.))(R)\dv g (R)< 

JU 

C sup |f (i?)| sup / d(Q, R)- n+2 dv g (R) < +00. 
xeu Qeu J B r (Q) 

Letting 

F(Q)= [ £(R)H(Q,R)P(u)(R)dv g (R) 

JM 

= f £(R)h(R)H(Q,R)dv g (R) 

J M 
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and 



F n (Q) = / £(R)H(Q,R)P(u n )(R)dv g (R) 



M 



Z(R)H(Q,R)h n (R)dv g (R) 



A I 



with 

wc infer that 



K = P(u n ) 



[ (F n - F) (Q)dvg(Q) = / / £(R)H(Q,R){h n -h)(R)dv g (R) 
Ju JuJm 



which goes to as n goes to +00. 
In the same way if we put 



we obtain 



G(Q) = [ H(Q,R)u(R) {A 2 £ (R) - V M (aV M £) (R)} dv g (R) 

JM 

f \H(Q, R) {A 2 C (R) - V^ 1 (aV M (R)}\ dv g (R) < 

JM 

A^Lsup / d(Q 1 R)- n+40 dv g (R) + \\VZ\\ oo \\a\\ p \\V R H\\ , < +00 



then 



sup 

Qeu 

Letting 



then 



and 



sup 

Qeu 



\G(Q)\dv g (Q) < 



(H(Q, R)A 2 £ (R) + a (R) (VH(Q, R), (V£) (R))) dv g (R) 



\u (R)\dv g (R) < +00. 



M 



G n (Q)= f H(Q,R)u n (R){A 2 ^R)-V^(aV^)(R)}dv g (R) 

JM 

I \G n {Q)\dv g {Q) <+co 
Ju 



\G n (Q)-G(Q)\dv g (Q) < 
{H{Q, R) A 2 e (R) + a (R) (VH(Q, R), (V£) (R))) dv g (R) 



\ u n — u llii(M) 



Then G n —> G in L 1 (U) and almost every in U. The same is also true for the 
remaining terms of the right side hand of (|3.9j) and we get the required formula. □ 

Now we recall the definition of Kato-Stummel space, 

Definition 1. Kato-Stummel space K n {U) is defined as the space of measurable 
functions f : U — > R such that for every t > 0, 

\f(S)\Xu (S) 



ff {t,U) = sup 



)gm J m d(Q,S) 
with I = (j + 1) (n — 4) — jn ^1 — M , j > 1 any integer 



dv g (S) < +00 
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and 



lim tp f (t,U) = 0. 



where U denotes an open set of M and \u * s ^ e characteristic function of U . 

We consider the C°°-function r] : R — >• [0, 1] with compact support given by 

(t) f 1 for |t| < | 
^ W \ for |t| > 1 

and for any P, Q £ M, we put 

% (P,Q)= V (5- 1 d(PQ)) 

and for i? <E M, S E U, with i? ^ S, we put 

Af d(T,S) l d(T,R) 1 3 

where Z = (J + 1) (n — 4) — jn (l — , j > 1, any integer < 5 < d(S, dU) /4 and 

d (S, dU) is the distance from S to the boundary dU of 17. 
First we quote the following useful lemma |17j 

Lemma 7. There exists a constant c (n) > such that 
Fs (R, S) < c (n) <p f (6, B 3S (Q)) r, iS (R, S) d(R, S)~ l . 

Now, we give a representation formula to the solution of equation 

Lemma 8. Let Q G U and r > such that Bir C Z7. For almost every 
Q e B ro (Q ) 

u(Q)= / H{Q,R)h{R)r !ro {Q 1 R)dv g {R) 
Jm 

+ / /7(Q, iJ)u(JJ) {AV (Q, fl) - V (aV^ (Q, R)) (/?)} dv g (R) 
+2 f u (R) (AH{Q, R)A Vro (Q, i?) + ff(Q, i?)A 2 r/ ro (Q, i?)) efo 9 (/?) 

JM 

-4 / u(R)(VH(Q,R),V(Ari ro (Q,R)))dv g (R) 
Jm 

-2 [ u(R)(VH(Q,R),V (An ro (Q, /?)) ) (Q) dw g 

+2 / u(R)((VH(Q,R),V {Ar, ro (Q,R)) +A(Vr) ro (Q,R))))dv g (R) 
Jm 

+2 / u (i?) £T(Q, fl) (VA (V^r (0, #)) " A V o (Q, /?)) d« s 
Jm 

-2 / u(i2) (A/7 (Q, fl) A^ (Q, /?) + 2 (V 2 ^ (Q, JZ) , V 2 //(Q, /?))) 

+4 / (V77(Q, fl), A (V^ (Q, /?))) dv g {R) 
Jm 

+ [ u(R) (Vry ro (Q, /?) , V (A/7 (Q, /?)) + A (V//(/?, Q)> dw s (/?) 
Jm 



(3.10) + — — / Vro (Q, R) u(R)dv g (R) . 



9 
M 
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Proof. Let S G B ro (Q ) and consider the function 

i(Q)=Vr (S,Q) 

then £ G C™(U) and 

Vro (S, Q) u(Q) = f H(Q,R)P(u)(R)r) ro {S,R)dv g (R) 

J M 

+ t H(Q, R)u(R) {A\ o {S, R) - V" (aV M r? ro (5, R)) } dv g (R) 

J M 

+2 f u (R) (AH(Q, R)A Vro {S, R) + H(Q, R)A 2 r) ro (S, R)) dv g (R) 
Jm 

-4 f u(R)(VH(Q,R),V(Ar )ro (S,R)))(Q)dv g (R) 



M 



u (R) (Vif (Q, R) , V (Ar? ro (S, R))) (Q) dv g (R) 



+2 / u{R)((VH(Q,R),V(Ar) ro (S,R))+A(Vr) ro (S,R))))dv g (R) 



M 



+2 [ u (R) H(Q, R) (V A (V^ ro (S, R)) - A\ a (S, R)) dv g (R) 

-2 f u(R) (AH (Q, R) A Vro (S, R) + 2 (VV„ {S, fl) , V 2 H{Q, R))) 
Jm 

-4 / u(R)(VH(Q,R),A(Vr)r (S,R)))dv g (R) 
Jm 

+ [ u{R) (\7 Vro (S, R) , V (Ail (Q, i?)) + A (VF(i?, Q)> cfo 9 (Ji) 

+-^7(^y ^ (-5, u(A)d« fl (R) ■ 
So by letting Q — S, we get the desired formula. □ 
Theorem 4. Lei / G (U) and u G JI| /oc (J7) a weaA; solution of the equation 
(3.11) P(u)+/« = 0. 

If fu G Lj oc ({/), then u is locally bounded on U. 

Proof. Let I = [0, 1] and denote by Xi the characteristic function of /. Let 
also < S < 5 < £f where r a is chosen so that B (Q a , 2r D ) C U with Q Q G U. 
First, we have 

|V l T ?7 5 (Q,T)| <c 4 (n)<T l X/(rt(T,Q)), i = 1 4. 

On the other hand if we denote, respectively, by Ji, i = 1, 10, the terms of the 
second right hand of the equality (|3. 101) . we obtain 

\(fu)(R)\ y s (Q,R) 
d(Q, 

< ci (n) ji 

with 

Ji= / mma^B. dVg{R) 



(3.i2) dw.y dt,g(fl) 



M 



d(Q,R) 1 
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where I = (J + 1) (n — 4) — jn yl — jj^ , j > 1, any integer and ci (£) is a constant 
depending on I. 

R M 1 TniilHr.lm'ntr -f, Kir 1/i 

d(S,Q)> 



Letting 5 € B r „ (Q ), multiplying j\ by and integrating over M, 



we get by the Fubini's formula 

- f \f(Q)\V8(S,Q) ( f \(fu)(R)\r, s (Q,R) ^ , 
Jl = 1 d(S, Q f IL diOM 1 ^ (R) 1 ^ (Q) 

\f(Q)\Vs (S,Q)y s (g, !■ 
l M ""'"' JK " n \Jm d(S,Q) 1 d(Q,R) 1 
and taking account of Lemma we get 



< 



\Ji\< Cl (n)^ f (5,B 3 s(S)) / |(/ M )(i?)|d(,S,i?)-S 45 (5,i?)^ ff (i?) 
Cl (n)^/(«,B3«(5)) / \(fu)(R)\d(S 1 R)- l ( V4S (S,R)-r ls (S,R))dv g (R) 

JM 

+ Cl (n)<p f (S, B 3S (S)) f \(fu) (R)\ d {S, Ry l Vs (S, R) dv R (R) 

JM 

taking account of 

r] AS (S, R) - rj s {S, R) = , for d (S, R) < - or d (S, R) > 4(5 

we obtain 

-l 



Ji 



< 



2c 1 (n)<p f (5, B 3S (S)) ^0 L i (£ > 45+i . o(Qo)) + c 1 (n)ip } (S, B 3S (S)) Ji 



and since ip^ (5, B 3 $ (S j) —> + as S — > + , we choose 5 > such that 

1- Cl (n)<p f (S,B 3S (S))>0. 

Hence 

Jl| < +oo 

and 

|J X | < +oo 
By the Giraud's Lemma [14] . we get 



\u 



(R){A* % (Q,R))\ 



|(ao)(fi)||Vmij(0,fl)| . ,„,,„ /■ K-R)l|Vo(i!)||V^(S,R 



and by Lemma [Jj we obtain 

\M <c 2 (n) <T 4 (0 VlLM^j+ciH^ 1 ^) ' 'nijm 



P" M i?^(B 2 j +ro ) 



+c (n)^(-) l|a|U|V.]]^ (B23H 



Also 

|-/: 5 |< (2 3 c 2 (n)ff) i + 2 5 c 3 (n)fD ' ' + 2 5 c 4 (n) ' ) j 
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By the same procedure as above and applying repeatedly Lemma we get that all 
the remaining terms of the formula (|3.10|) are bounded and the solution u of the 
equation [XU is locally bounded. □ 

4. Q-curvature type equation 

Let (M, g) be a compact n-dimensional Riemannian manifold, n > 5, we con- 
sider the following fourth order equation 

(4.1) A 2 u - V 1 (a(x)Viu) + b(x)u = f \u\ N ~ 2 u 

where a G L S (M), b e L P (M), with s > § , p > f, / e C°°(M) a positive function 
and N = To solve the equation (|4.ip . we use the variational method. 
For any u <E H2(M), we let 

J(u) = / (Am) 2 dv g + / a(x) \Vu\ 2 dv g + / b{x)u 2 dv g 
Jm Jm Jm 

be the energy functional and consider the Sobolev quotient, for any u € H%(M)— {0} 



Let 



obviously A ^ 
Put 



(j f\u\ N dv g 
A = ju e ff 2 (M) : ^ / = 1 j 



Q(M) = inf Q(tt) = inf J(u). 

udH 2 (M)-{0} ueA 



Theorem 5. Suppose that Q(M) < sup x&M f(x)K(n, 2). The equation \4- l]f 
has a non trivial solution u satisfying J(u) — Q(M) and u £ A. Moreover 

u € C 3 -- +E ^y p (M) with p e ]0, 1 - I + E (I) [. 

Proof. First we show that Q(M) is finite. For any u E A, 

(4.2) J(u) > \\Au\\ 2 2 \\a\\ s \\Vu\\ 2 2s , \\b\\ p \\u\\ p N V(M) 1 ^ 

with 



s 

Since s > 5, Sobolev inequality leads to 



V«||L <K(2,n) 2 \\V\\7u\\\l+A 1 \\Vu\\ 2 2 



IV IVmII < |V 2 u| 



1 2 s 

and since 
we obtain 

(4.3) || Vu\\l, < K(2, n) 2 \\ V 2 u\\ \ + A, || Vu|| 2 . 

Now by an interpolation inequality ( see Aubin [TJ, p. 93 ), for any r\ > there is 
a constant C(rj) > such that for any u 6 C°°(M) 

(4.4) UVull^ryllV^llJ + CWIlMll 2 . 
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Independently, we have on compact manifolds we have the well known inequality 
(see Aubin PQ, p. 113) ) 

||V 2 u||2 = ||Au||2 - / h',,V uV J ii'h-,, 

JM 

so there is a constant (3 > such that 

(4.5) ||V 2 m||2 < ||Am||2 +/J||Vm||2. 
Combining (IP)) . (|4.5p. we get 

(4.6) (I-tj^IIVuII^^IIAu^ + C^H^. 

Choosing r\ so that 1 — r//3 > and taking account of the density of C°°(M) in iJ 2 
and the inequality (|4.3|) . we obtain 



|| Vu||*„ < (V(2, nf + A x ) Y~^) II Au H2 + ( K & n ? + A ±) { 



2 



(4.7) < (K(2, nf + 0( V )) \\Au\\ 2 2 + (K(2, nf + Ax) ||u|ft V(M) 1 ' 



Consequently, (14.21) becomes 



(4.8) J(u) > (1 - ||a|| s (^(2,n) 2 + 0(7?))) HAtill 



- ||o|| a (K(2,nf + Ax) \\uf N V(M) 1 ^ - \\b\\ p \\u\\ p N V(M) 1 ^. 

Since u S A, we can write that 

(4.9) |MU< fmin /^)) 
and rj being arbitrary, so if 

||a|| s <^(2,n)- 2 

then 

(4.10) J(u) > - \\a\\ a (K(2,nf + Ax) (mm/^j " V(M)^ 

P_ 

- ||6|L f min /(x) ) ™ ^(M) 1 ^ > -00. 

^ V xEM J 

Let (^i) - C A be a minimizing sequence of the functional J i.e. 

J( Ui ) = Q(M) + o(l). 
By (j4~8)) and (|3~T0)l . we obtain 

||Auj|| 2 < +00 
and by (|4.6p . (|4.9[) and Holder's inequality we infer that 

IWIh 3 (m) < +°°- 

Up to a subsequence, there is u € H2(M) such that 
■ Ui — > u weakly in H2(M) 
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• Vu, ^ Vu strongly in L S (M), s < 2* = ^ 
Ui — > u strongly in L r (M), r < N 
Ui — > u a.e. in M. 

Letting m = it, — u, we conclude that 

J M AuAvidvg — > 0, J M ag(Vu, Vvi)dv g — »■ as i — > +oo. 

and 



\buvi\dv g < \\b\\J I \u\*-i \vi\p- 1 dv g } ' < ||6|| p || U |U 

i.e. J M buvidvg — > 0, since < N. 
Consequently 

J(ui) = J(u) + J(vi) +2 AuAvidvg + 2 ag(Vu, Vvi)dv g + 2 buvidv g 

JM Jm ' JM 

= J(u) + J( Vi ) + o(l) 
= J(u) + \\A Vl \\ 2 2 + o(l). 

2_ 

By definition of Q(M), J(u) > Qm (j M f \u\ N dv g ^j " and J{ui) = Q{M)+o(l) 
and by definition of the sequence (itj), we obtain 

_2_ 

(4.11) Q M f \u\ N dvg^j " + \\Avi\\l < Q(M) + o(l). 

Brezis -Lieb lemma allows us to write 

1: / f\U l \ N dVg=[ f \U\ N dVg + f f ^ dVg + (l) 



hence 



m Jm Jm 



1< ( / f\u\ N dvg) + / f\ Vi \ N dv g ) +o(l) 



I M J \JM 

and the inequality (|4.11|) will be written as 

2 

(4.12) \\Avi\\l < Q{M) (J M f \ Vl \ N dv °) N +o(1) ' 

By Sobolev's inequality we infer that 

2 

\\Avi\\l<Q(M) (sup /(*)) (K(n,2) 2 + e) ||A^ + o(l). 

\xEM J 

Finally 

(l-Q(M) (supf(x)Y (K(n,2f + e)\ ||A^ < o(l). 



If we let 



Q{M) < ( sup f(x) ) K(n,2)- 

\x£M 



and choosing e > small enough such that 



1 - Q(M) ( sup f(x) ] (X(n,2) 2 + e) > 
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we obtain 



\Avi\\l = o(l) 



2 

Hence (uj) converges strongly to in H-2(M) and (ttj) converges strongly to u in 
H 2 (M) and in L N (M). We conclude that u G A is a non trivial solution of the 
equation 

(4.13) A 2 u ~ V M (aV M u) + bu = f \u\ N ~ 2 u. 

Now, we are going to establish the regularity of u to do so we first show that the 
functio: 
we get 



function h = — f \u\ N 2 is a Kato- Stummel function. Using Holder's inequality, 



f \h(S)\ Xu (S) f \f(S)\\u(S)\ N -\ 

8up / Mn q\i dv a( S > - / run q\i dv ^ S > 

QeM J B t (Q) d\Q>br J M d(Q,b) 1 

< ^l^( S ')l \\ u Wn-I p -< ■ 



H\n-L-' <c(\\Au\\l + \\u\\l 



By Lemma [31 we get that 

A \N-2, P -' ^ ° \JI^'"ll2 

where C > is some constant. 

The remaining part to check that the function h is a Kato-Stummel is the same 
as in [17] so we omit it. 

We conclude that the solution u of the equation (|4. 1 3[) is locally bounded and 
in fact bounded since the manifold M is compact. 

Hence, we get that 

A 2 u G L P (M). 

By classical regularity theorem and the Sobolev embedding Au G iff (M) C C 
with fj G ]0,1 - (£ - £(f )) [. Consequently u G CM » - E{ (M). □ 

Let a, 7 be real number and consider the equation 

(4.14) A 2 u - V(^V„ti) + ^ = / \u\ N ~ a u 

where a and Q g are smooth functions on M . 
We put, for any u G H 2 (M) 



J 7 , Q (u) = || Au|| 2 + / ^-\Vu\ 2 dv g + [ %-d« fl 



.» ■ ii|Vu| 2 ^+ / ^ 
/m P 7 9 Jm P° 

? 7 ,a(«)= 



and 



}-/ a(M) = inf Q 7a (i) = inf J a (u) 

'' «6ff 2 (M)-{0} iiSA 



where A = {u G ff a (M) : J M / |u| W dv fl = l}. 
As a corollary to Theorem [5j we have 

Theorem 6. Let 7 G (0,2) a G (0,4), if Q ltCt (M) < (s\xpf(x))~^ ^(77,, 2)~ 2 , tfien 
t/ie equation ft4.14\ ! has a non trivial solution u^ a G A, which fulfilled J 7 a (u) = 

Q 7l a(M) andu 7 , a £C 3 -(^- £ (^))^ toith /3 G ] 0, 1 - (£ - E (f )) [. 
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Proof. Let a = fj, b = if 7 G (0,2), a G (0,4) then by Lemma H 
a G L s (M),b G L^(M) with 0<7<2, 0<a<^<4and Theorem [6] follows from 
Theorem [51 □ 

5. The sharp case 7 = 2, a = 4 

In the previous section we have shown that if 7 G (0,2), a G (0,4) and 

— — 

Q 7ia (M) < (sup/(x)) 2 K(n,2)~ 2 , the equation 

(5.1) A 2 u -V(^V^) + ^ = /H Ar - 2 U 

has a solution u a G A = |u G H<z{M) : J M / lul^dfg = l| such that J 7jtt (ua) = 

Q 7 ,a(M). 

We will show the following 

Theorem 7. Suppose that 1 + Q g (P)K(n, 2, -4) 2 > and 

Q 2l4 (M)(A-(n, 2) 2 H/lll < 1 + Q g (P)K(n, 2, -4) 2 , 
then the equation 

P 2 P 4 

has a non trivial solution 1^2,4 £ j4 7 which fulfilled J^^iu) — Q±(M). 

Proof. First we show that Q2,i(M) is finite. Since Q g is continuous, for 
any e > 0, there is 8 > such that for any Q G M, with Q) < 8 and 
Q 9 (Q) > Q g (P)-e, then 



(5.2) / %! dUg >(Q 9( P)- £) / ^ 
Jm P Jb 5 (p) P Jm-Bs(p) 

By Lemma ([3]), we have 

(5.3) / ^dv g <(K(n,2,-A) 2 + e)\\Au\\ 2 2 + A(e)\\u\\l 
Jb s (p) P 

Combining (|5.2p and (|5.3p . we get 

(5.4) / ^dv g >(mm(Q g (P),0)~e)(K(n,2,-4) 2 + e)\\Au\\l 
Jm P 

+ ((min(Q g (P), 0) - e) A(e) - |M| 2 
and since we have also 

p_ 

\\uf 2 < fmm/(x)) " V(M) 1 -* 

the inequality 

(5.5) / ^^dv g >(mm(Q g (P),0)-s)(K(n,2,-A) 2 + e)\\Au\\l 

JM P 

+ ((mm(Q g (P),0)-e)A(e) - (mm/^j ~ V(M) 1 ^ 
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Also, we have 

^^dv g > (mk(S s (P),0)- E ) I l ^fdv g -^M^ f \Vu\ 2 dv a 

M P Jb s (P) P Jm-Bs(P) 

and by Hardy's inequality ((2|) 

r s g \vu\ ^ ^ (min( ^ (P); 0) _ e) Kl(:2) nj _ 2) + e) || Au ||2 

J M P 



I M 

IS 

and taking again of relation (|4.7[) 

2 



+ ( (min(S 5 (P), 0) - £ ) A x ( £ ) - ) ||W|| 2 



So |Vu| , 

M P 

(rnin(5 9 (P),0)- £ )ir 1 (2,n,-2)+e)+('(mm(5 s (P) ) 0)- £ )A 1 ( £ )-^|^) ) A, 



2 



min(S g (P), 0) - e) A x {e) - ) || u 



ll^lloo\ g(g) ,, 2 

<5 2 J 1 - ry/3 



As in previous sections, we get 

J 4 {u) > [1 + (min^P), 0) - e) 1^(2, n, -2) + e) 

+ f(min(S g (P) 1 0)-e)A 1 (e)-^ 



alloc 



l|A U || 2 



+ ( run > .1,0 - Jl^jk) 1 ; r ( m 1 * 



(5.6) + ('(mi n (Q fl (P,0)- £ )A( £ ) - (^/W) " m) 1 "^- 

If 

l + Q g {P)K(n,2,-4) > 
and letting e and ?y small enough the inequality (|5.6p becomes 

2 

J 4 (u) > ((min(S 9 (P),0) -e) A 1 (e) - (^/w) " W) 1 "* 

+ Lin((? 9 (P,0) -e)A(e) - ^min/(x)^ " ^(M) 1 "^ > -co. 

Consequently 

Q 4 (M) > -co. 

In the second step, we will show that Q~ a (M) —> Q2a(M) as a -> 4. 

Let < S < min(l, S (M)), where 5(M) denotes the injectivity radius, then 

JM P Jb 5 (P) P Jm-b 5 {P) P 

and by the Lebesgue dominated convergence theorem, we obtain that 

} g u 2 f Q g u 2 

-dv n — > I — ^—dvg as a — > 4 



M P Jm P 
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The same arguments are also true for 



-ClVg — > 



S g \Vu\\ 

-av g as 7 



Hence 



M P 1 " Jm P* 
Jf,a(u) — ► J2,a{ u ) as 7 — 2 _ and a — > 4T 

,JV 



and by passing to the infimum over u such that f M f \u\ dv g = 1, we get 

Q 7iCt (M) Q 2 a(M) as 7 2" and a ->■ 4~. 

In this third step, we will show that the sequence (u a ) is uniformly bounded in 
H 2 {M). This sequence satisfies 



\u a \\ 2 < min/(x" 



y(M) 1 " 



and if 1 + Q g (P)K(n, 2, 4) > 0, then 



||A« a || 2 < + x 



and by the inequality (|4.7I) . 

||V«a||a < +oo. 

Up to a subsequence (u a ) converges weakly in H 2 {M), L N (M) , L 2 (M, p~ 4 ) and 
strongly to u in L r (M) with r < -^j and Vit Q converges strongly to Vu in L s (M) 



with S < ^ 
(5.7) 



n— 4 

For any v € H 2 (M) 



S a 



— UaVdVq 



a (M) I f\u a \ 2 U a vdv g 



Au a Avdv g + I ^g(yu ai Vv)dvg 
' m Jm P Jm P~ jm 

The weak convergence in H 2 (M) and the strong convergence of Vu Q — > Vu allow 
us to write 



Au n Avdv„ 



M 



AuAvdv n 



M 



and 



f S f S 

/ -?-g{Vu a ,Vv)dvg -+ -§g(Vu,Vv)dv 
Jm P 1 Jm P 

The convergence of the third integral 

—^-UnVdV, 



M P 



f Qg i 


< 


J 


1 M P 




Jm 



(u a - u) dvg 



+ 



Q 

M P' 



^U a vdVg 



M P 



'-u a vdvr 



is assured by the weak convergence in L 2 (M, p ) and the dominated Lebesque con- 



vergence theorem. Since (u a ) is bounded in L N (M), the sequence (\u a \ 



N-2 



bounded in L"- 1 (M), hence Q 7 , Q (M) j M f \u a \ N 2 u a vdv g — > Q 2 ,a{M) f M f\u\ 



u a J is 

iJV— 2 



'jdv„ 



Consequently u is a weak solution of equation 15. II 

In this last step, we will prove that u is not trivial. By Sobolev's inequality 
([5]), we have 



(5.8) 



i/ir 



JV < 



\\u a \\ 2 N <(K(n,2) 2 + s)\\Au a \\ 2 2 + Me)\\u a \\t 
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Since u a are solutions (|5.1|) . for any 77 > 0, 
(5.9) 

||Au a ||^ = (l + r?) (Q 7)Q (M)- / %Vu Q | 
\ Jm P ' 

And since as it is shown in previous sections 



■dv g - 



^dv c 

M P 



V l|Au a || 2 ■ 



2 , C{rj) 2 

2 + 1 S IKII2 



(5-10) Hv^ll^^llA^,,, , ;1 _ ;/ < 

where /3 > and arbitrary 77 > such that 1 — rj/3 > 0. 
And also by Sobolev's inequality ([5]) 



Qg u a 



M P 



" a dv g >(Q g (P)-e) 



^dv a 



Bs(P) P 



(5.11) 

> (min(Q g (P), 0) - e) [(7a>, 2, -a) 2 + £l ) || Aii Q || 2 + A( £l ) ||u a ||* 
Plugging (f5TT0|) and ([BTTTj) in tfaty . we get 



<J 4 



2 ■ 



||Au a ||* < (1 + 77) 



,«(M) 



l-ry/3 



lall lAltn 



1-77/3 



(5.12) 

- (min(Q 9 (P), 0) - e) [(J^n, 2, -a) 2 + e x ) ||A Mct || 2 + A(e x ) ||u a ||| 



-?7 HAltallj 



and taking 77 so that 
we get 



77 = (1 + 7/) 



n 



1-77/3 



[1 + (1 + 77) (mm(Q g (P), 0) - e) (Jf(n, 2, -a) 2 + £l )] || A Uq || 2 < 



Q 7 ,a(M) + 



- (min(Q s (P), 0) - E ) A( £l ) + Ms 



1-77/3 



(5.13) 

(1+Tj) 

So if 

(5.14) l + Q g {P)K(n,2,-a) 2 > 

by letting e,£i, and 77 small enough, we get 
(5.15) 

„ (l + r?)Q a (M) + (S ^ (min(Q fl (P),0) - £ ) A( £l ) + ||« a || 
||Au„ll 2 < V ^ ; 



1 + (1 + 77) (min(Q fl (P), 0) - e) (K(n, 2, -a) 2 + e x ) 



and replacing in 

2 (min(Q fl (P), 0) - e) A( £l ) + gK) 

I, (l + 77)Q 7 , a (M)(X(n,2) 2 + £ ) 

"00 1 + (1 + 77) (min(Q 9 (P), 0) - e) (K(n, 2, -a) 2 + ei) ' 



;Kii 2 > 
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Since 

Qa(M) = Qi(M) + o(l) 
and in addition of (15. 14|) and the following assumption 

Q 2A (M)(K(n, 2) 2 ll/H J < 1 + Q g (P)K(n, 2, -4) 2 
we get that the solution u of the sharp equation is not trivial. 



□ 



6. Geometric interpretation 

Consider a flat manifold (M, h) for example a flat torus and let q = Ah where 

A = e-? 2 - p . 

The respective expressions of the Ricci tensor and the scalar curvature of (M,g) 
arc then 

A 



Ricg 

and that of the scalar curvature is 

n 

We infer the following expressions 



-AlogA+^|VlogA| 2 



-A log A + ~ |VlogA| 2 



(n-2) 2 + 4 4_ (n + 2) (n - 2) 2 + 4 

n _ 2 ^c s - 4(n _!)(„_ 2 ) 



2(n- l)(n-2) 
Put 



-AlogA+^|VlogA| 2 



(6.1) 
hand 

then 

P 

(6.2) 

r, 
+ - 

We have 



(n + 2) (n-2) 2 +4 
4(n-l)(n-2) 



-Alog^+||VlogA| 2 



= ^<E 



; -A D i{ 

4(n-l) 9 9 



[n 3 - 4?i 2 + 16 (n - 1)] (n - 4) 2 n - 4 



16 (n- l) 2 (n-2) 2 



s , ,2 \ Ric g\ 
(n - 2) 



n (n - 4) 
" 8(n- 1) 



-A 2 log ,4+ -A|VlogA|' 



(n 4 - 4n 3 - 16n 2 + 48n - 32) (n - 4) r 



64 (n-l) 2 (n-2) 2 



-AlogA+||VlogA| 2 



5 -4/J = 



(n + 2) (n - 2) 2 + 4\ n (n 4 - 4n 3 - 16n 2 + 48n - 32) (n - 4) 



4(n - 1) (n - 2) 



16 (n- 1) (n-2) 2 



-A 2 log A + - A|VlogA| 



2 n (n — 4) 
+ 8(ra- 1) 

- 18n 3 + 48n 2 - 56ti + 36) / a2i „ n ., a \ 
1 6(,-l)»(,- 3) - H-A 2 loiA + -|VlogA| ) 

( 



-A log ,4 + I |VlogA| 2 



4 (n 5 - n 4 



n (n — 4) / A o , , n . , 
8Fiy(- A 2 log A + -A |V log A| 2 
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If we let 

4 (n 5 - n 4 - 18n 3 + 48n 2 - 56n + 36) 
°" ~ 16(n-l) 2 (n-2) 2 

and 

_ n (n - 4) 
" = 8(n - 1) 

we get 
(6.3) 

5 2 - 4/3 = (- A 2 log A + | | V log A| 2 ) [a„ (- A 2 log A + | | V log A\ 2 ) + 6, 
with 

A = e- p2 ~ a . 
From the radial expression of the laplcian 

dp V dp, 
we get 

A 2 log A = -a (2 - a) (n - a) (n - 2 - a) p~ Q ~ 2 

and 

A |Vlogyl| 2 = 2 (2 - a) 2 (a - 1) (n - 2 - a) p~ 2 " 

hence 

(6.4) - A 2 logA+^A|VlogA| 2 = 

(2 - a) [-a (n-a)(n-2-a) p a ~ 2 + (2 - a) {a - 1) n (n - 2a)] p- 2a . 
Now if 

1 < a < 2 

and 

a (n — a) (n — 2 — a) 



P < Pi = 
then 



(2 - a) (a - l)n(n- 2a) 



-A 2 log A + - A|VlogAr < 0. 

Consequently 

(6.5) A5 > 0. 

Also 5 will be positive if 

'2 (n - a) 

P<P2 ' 



Finally a 2 — 4/3 will be positive if 



P< Ps 



n(2-a) / 

a (2 — a) (n — a) (n — 2 — a) a n 
b n + (a — 1) (2 — a) 2 n (n — 2 — a) a n 



The Paneitz-Branson operator P expresses as 

P(u) = A 2 it — divg (a) du + f3u. 
Given a smooth positive function / on M, the problem is to find a metric g con- 
formal to the metric g whose Q-curvature is /. 



ON THE SINGULAR Q-CURVATURE TYPE EQUATION 

If ~g = u^^g, u will be the solution of the following equation 



2 r , 



(6.6) A g u — divg (a) du + f3u = fu u 

For any u £ H%{M), we let 



with N — 

n— 4 



M 



J{u) = / ( A gU y dv g + a \Vu\g dv g + / /3u 2 dv : 



M 



M 



B=^uE H 2 (M) : J fu N dv g = l| 



obviously B ^ 



Theorem 8. Let (M n , /i) 6e a compact flat n-manifold with n ^ 6 and fe£ g = A/i 
where A = e~ p , p < inf {p i : i = 1,2, 3}and < a < 2. Let f be a C°° positive 



function on M such that 



Q(M) < sup f(x)K(n,2) 



TTien i/iere exists a metric g conformal to g such that f is the Q-curvature of the 
manifold (M, g) . 



Proof. Put 



Q(M) = inf Q(u) = inf J(u). 

u£H 2 (M)-{0} u£A 



Let u be the solution previously constructed of the equation (|6.6p . u is at least of 
class C 4:Q . Let v be a solution of the equation 



. a 
Av + — v — 



Aw + — u 



where a is given by <|6. 1 1) . t> exists, since a > 0. 
Put 

W = V ±u 



Aw + —to 



. a 
Au + —u 



± ( Au+ -u ) > 0. 



Hence we get 
(6.7) 



-A(-«;)--(-«;)>0 



By the maximum principle, — to = u — v reaches a maximum M > 0, which will 
be constant, but this is excluded since the equation (I6.7[) implies that M = 0. 
Necessarily, we get to = w — tt > i.e. u < v. In the case w = u + v, we obtain 
v > —u. Hence 

v > \u\ ^ 0. 

On the hand, we have 



fv N dv g ^ I fu"dv g = l 



M 



N, 



we let < k < 1, such that 



/ (fci;)^ <2u fl = 1 



A/ 



26 



MOHAMMED BENALILI 



and put v — kv, then v > and satisfies J M fv N dv g = 1. 
Independently, we have 



(A g v) z + a |V«|J + ^vA dv g = l(A g uf + a |Vug + ^ 2 | r/r„ 



z JM 

and evaluating 

5 = J ((A 9 «) 2 + 5 |v£| 2 + ~Pv 2 ) dv g - Q (M) 

= k 2 f ((Aguf + a |Vu| 2 + ~pu 2 ) dv g + k 2 [ 0-^-) (v 2 ~ u 2 ) dv g 
JM V y / J M 4 

+ \k 2 ( {u 2 - v 2 ) Agadvg - Q(M) 

2 JM 

= (k 2 - 1) Q(M) + k 2 [ (v 2 - u 2 ) dv g + \k 2 [ (u 2 - v 2 ) Aadvg. 

JM 4 2 J M 

If 1 < a < 2 and p < (^ n ^2-a)^-i) ) ^ " ^ en Q6.5p. we have 

A5 > 0. 

Since k 2 - 1< 0, Q(M) ^ and (a - s£) (v 2 - u 2 ) < 0, we get 

S < 0. 

□ 

7. Proof of theorems [1] and [3] 

Let P £ M such that /(P) is the maximum of / on M and the metric is of 
class C°° on the ball E>2 e (P) where < 2e < 8 and S is the injectivity radius. 
Consider the function 

T)(r) 



(r 2 + e 2 )^ 
where ^(p) is a C°° function on M given by 

n(r)-( lon ^(P) 
^ \ on B 2e (P) 

For n > 6, by Holder's inequality, we get 



S= / a(x)\V<p € (r)\ 2 dv g <( [ \a(x)\ p dv g Y ( [ \V Ve (r)\^ dv : 

JM \JM / \JM 

and taking account of 

|Vv> e (r)| = (n-4) 

(e 2 + r 2 ) 2 

and 

dv g = (1 - -iJyarV) + o(r 2 ) 



») ' 
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we get 



- 1 i^.wi- - (« - /„ <'-^'- 2 ) (gi + r2) ,-^ 

if we put 



-dr+o (e 3 ) 



-n+4+- 



and taking account of 



t = 


(t) 2 




/o 6 " 




/ p , n-2 

f rirrT + — _ 2 




9 + 1 «, 



P i n-2 



(1+*) 



p-g-2 p 



we obtain 

Holder's inequality leads to 



C= / b{x){ Vt {r)Ydv g 
Jm 



2 4_ P 
2 ' p-1 



1—1 



6n ( n _ 3) _Z_ _ | _ i 



Af / WO 



2p 

ip € {r)v-idvg 



<5 r n-l 



. 1 - ^r 2 ] ,/r 

( £ 2 _|_ r 2)(™- 4 )7^T V 6n 



rt-1 



1 - 



1 



1 2(n-4)^+n r? 

2 w "- lJ (»-4)5?r ^ (n-4)^. 



(i 



Hence 



The expansion of J Bj (p) f( x )v^ ( r ) dv g has been computed in [4] and is given by 



Bi(P) 

hence 



n: 

e 2 / A/ /(P)S fl 



n-2 2 



(i 



+ ( £ 2 ) 



f(x)(p" (r) cfe ff 



-e-"/(P) 1 + e 



n - 4 



n(n-2) [2/(P) 6 



o (e 
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and 



Ik 



2— e 



n— 4 



ellJV 



(in 3 W-l/(P) 



1 + e' 



n - 4 



n(n-2) \2/(P) 6 



Also, we have 



JBs(P) 



x 1 - e 2 S„ 



2 w 

(fog 



n -in(n-4) (n 2 -4) _ 4) - _j 
2 " 



(n 2 + 4) (n - 4) 4 (n - 1) 



+ 



Now by the formula 



we get 



6 (n - 6) n(n 2 - 4) 3n (n - 6) (n + 2) 
T(q + l)T(p-q-l) 



I q 

p 



r(p) 



a 2 — 



i r(f) 



i» 



and 



'(»-2)^t 

Resuming, we have 

2^e"- 4 



((«-2)^T 



■/(y £ )< 



1 + 



4 /A/(P) , S fl 



^„_m(n-4) (n 2 -4) ^_ (rt _ 4) » 

r 6 Jn 



n(n-2) V 2/(P) 6 



1 - 



n 2 + 4n - 20 
6 (n - 6) (n 2 - 4) 



S g + o(e 2 ) 



+ 6 



+2+ 



n-4 2n (n 2 - 4) 



(n 



1 - e 



2°S 2 1 p-1 



6n ( n -3)^-f 



T + «(^ 2 ) 



1 - e' 



Lu n ^ in (n - 4) (n 2 - 4) 
n 2 + An - 20 



T2" 1 

J-n Wn-1 



c _ "-4 A/(P) 
6(n-6)(n 2 -4) 9 2n(n-2) /(P) 



+ ( £ 2 ). 



Recall the value of the best Sobolcv constant, 



K^ 2 = n (n + 2) (n - 2) (n - 4) 



'7-f- 1 



so if 



4 (n 2 - 2n-4) A/(P) 
(n-6)(n-2)(n + 2p /(P) 
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we get 

Q{M) < R- 2 f(P)-Tr as e -> 0+. 
For n = 6, direct computations give 

j M (A^) 2 do, = K?fiP)-i - 4e 2 log (1) (^i) 1 (/(P)/!" 1 ) "* ^ 

+0 ( £ 2 ) 

so 

Q(M) < K£ 2 f(P)-i 

itS g (P) > as e -> 0+. 
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